1. Introduction: The Polya "Hauptsatz."-In a previous note' we have given the solution to a number of counting problems for linear graphs with labeled points. The corresponding counting problems for graphs with indistinguishable points will be the subject of this note. For definitions and notation we refer to Paper I.
The main tool used in our discussion of the counting problem for unlabeled graphs is the Hauptsatz of Polya's paper.' Since it is so important, we shall give a brief statement of this theorem:
Consider first a collection of "figures," each figure being assigned an ordered pair of integers, called the "content" of the figure.A Let f(n, m) be the number of figures in the collection with content (n, m), and define the figure counting series Xco C f(x, y) = Z f(n, m)xnyi (1) n=O m=O
Next consider a set of p "points," along with a group G of permutations of these points. A "configuration" is obtained by hanging figures from the collection on the p points, repetitions allowed. Two configurations are said to be equivalent if there is a permutation of G taking one into the other, and the content of a configuration is the sum of the contents of its figures. Denoting by F(n, m) the number of inequivalent configurations of content (n, m), the configuration counting series is defined as co co
n=O m=O
The Polya Hauptsatz states that the expression for F(x, y) in terms of f(x, y) and the group G is
where Z(G, f(x, y)) denotes the cycle index4 of G in which the variablefk is replaced by f(xk, yk) 2. The Number of Rooted Star Trees.-As in Paper I, to simplify the writing, we will present the method for counting pure star trees. Let 0(n) be the number of rooted pure star trees with indistinguishable points which are composed of n stars joined together by articulation points. We introduce the counting series5 0(y) = E 0(n)yn.
(4) m=O Next we introduce em(y), the counting series for rooted star trees with exactly m main leaves. Clearly, Om(Y) = Z(Sin, O1(y)).
We next observe that rooted star trees with one main leaf may be constructed by starting with the main leaf and hanging rooted star trees on the points other than the root. Thus Oi(y) can be expressed in terms of O(y) by using the Polya Hauptsatz in which the figure collection is the collection of all rooted star trees, the content is the number of stars in a rooted star tree, the "points" are the points of the main leaf other than the root, and the group G is the group obtained from the group r of the main leaf star by fixing one point, the root. We call this group a "derived group" of the main leaf.6 If all the points of the main leaf are similar,7 there is only one derived group; otherwise, there is one corresponding to each class of similar points. We denote the derived group corresponding to the qth class of similar points by r'2. Since a point from each class of similar points of the main leaf may in turn be taken as the root, the Hauptsatz gives oi(y) = y E z(rf(), 0(y)), (7) q where the sum extends over the classes of similar points, and the factor y accounts for the main leaf.
We introduce the notation Z'(r) = E Z(r(L)), which is justified by the identity8 q Zi(r) = Z(r). (8) Using in addition the identity E Z(Sm) = exp E -fk, (9) m=O k=ik with Z(So) = 1, and combining equations (5), (6), and (7), we obtain the final result
The results previously obtained by Harary and Uhlenbeck' for rooted Husimi trees are a special case of equation (10). The generalization to the case of mixed star trees is again straightforward. Let 0(n,, n2, . . . ) be the number of rooted star trees with unlabeled points composed of ni stars of type 1, n2 stars of type 2, etc. Introduce the counting series 0(Y, Y2, )... S 0(n,, n2, . . ) y1l Y22 . .
(11) [no] where the round sum goes over all sets [no] . By an immediate extension of the reasoning given above for the pure star trees, one obtains the result corresponding to equation (10):
where IF is the group of a star of type a. From this equation one can derive recursion relations for the numbers 0(ni, n2, . . ), but it is not possible to obtain an explicit expression for these numbers, as was the case in Paper I for the corresponding problem for graphs with labeled points.
The result (12) was first obtained by Norman and appears in the theses of Norman and Ford.'
3. The Number of Free Star Trees. Again we will consider first the case of pure star trees. Let 0(n) be the number of pure free star trees containing n stars. We will derive an expression for the corresponding counting series 0(y) in terms of the counting series 0(y) for rooted star trees; this expression is
where P is the group of the star. The first step in the proof of equation (13) is to establish a relation corresponding to equation (6) in Paper I. Let p be the number of dissimilar points of a star tree, and let s be the number of dissimilar stars in this tree;'0 then 8 1 = p -E(p-1), (14) 
where pk is the number of dissimilar points in the kth dissimilar star. To obtain this relation, one chooses an end star and deletes it and all stars similar to it, leaving their articulation points."I This removes (pi -1) dissimilar points from the star tree and leaves (s -1) dissimilar stars. This process is repeated until only one class of similar stars is left, which contains Ps dissimilar points. Hence the total numbers of dissimilar points p is given by 8-1 P = p, + E (pk -1),
which is equivalent to equation (14) .
If we sum equation (14) over all star trees with n stars, we obtain Vol,. 42, 19056 0(n) = 0(n)
where the round sum extends over all star trees with n stars. Denoting the first term in the brackets by A (n) and the second by B(n), we shall show how the Polya Hauptsatz can be used to determine these numbers. B(n) is the total number of dissimilar stars in all free star trees with n stars. Looked at another way, B(n) is also the number of ways rooted star trees can be hung on the points of a designated star to obtain a star tree with n stars. Introducing the counting series B(y), an application of the Polya theorem yields B(y) = y Z(F, 0(y)), (16) where the factor y accounts for the designated star.
Finally, A (n) is the total number of dissimilar points in all free star trees with n stars, each point counted once for each dissimilar star on which it lies. Looked at another way, A (n) is the number of ways rooted star trees can be hung on the points of a designated star in which one point has been singled out. The counting series for rooted star trees which may be attached to the singled-out point is just 0(y), while that for the configuration of rooted star trees attached to all other points of the designated star is the counting series for rooted star trees with one main leaf, which is given by equation (7). Using the product property, we get A(y) = y 0(y) Z'(P, 0(y))
Expressing relation (15) in terms of counting series and using equations (16) and (17), we obtain equation (13) .
The generalization of equation (13) Harary. 14 We use the Polya Hauptsatz to obtain the configuration series ir(p; y). The figure collection consists of two figures, a pair of points joined by a line, and a pair of points not joined by a line. The content of a figure is the number of lines in it; thus the figure counting series is 1 + y. The "points" of the Polya theorem are the p(p -1)/2 pairs of points of the graph. Two graphs of p points are equivalent if there is a permutation of the points carrying one into the other; therefore, the group of the Hauptsatz is the group of permutations of the p(p -1)/2 pairs of points induced by the symmetric group, Sp, of the points themselves. Denoting the cycle index of this point pair group by Z2(S,), we obtain the result 7(P; Y) = Z2(Sp, 1 + y).
For an explicit expression for Z2(S,) see Harary"4 and Ford.8
An expression relating 7r(x, y) and -y(x, y) may be obtained by a method entirely similar to that used in obtaining relation (18) 3 The generalization to a content which is any ordered set of integers will be obvious. 4 The cycle index of a permutation group G is defined as The counting series for graphs with unlabeled points defined in this manner satisfy the product property without the 1lp! introduced in the corresponding counting series for graphs with labeled points in Paper I. In Paper I, because the 1 /p! was necessary, we were led to count according to the number of points of the graph. Here it is convenient to define the counting series in terms of the number of stars in the star tree; the two modes of counting are obviously equivalent.
6 Considered as an abstract group, such a derived group is a subgroup of r. It is convenient to consider a derived group as operating on the points other than the root; hence, as a permutation group, it is of degree one less than r. 7 In general, two points of a graph are similar if an operation of the group of the graph carries one into these. Here we are considering similarity with regard only to the main leaf rather than with regard to the star tree as a whole. That relation (1.4) holds for all X > 1 was shown in an earlier paper2 by a rather laborious argument, which, moreover, left the case X = 1 open (the example 4)(z) = 1/(1 -z) shows that the inequality fails for X < 1; we omit the simple computa-
